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O ! Abstract 

o. 

^ . We consider the holographic duaUty for a generic bulk theory of scalars coupled to 

gravity. By studying the fluctuations around Poincare invariant backgrounds with 
' non-vanishing scalars, with the scalar and metric boundary conditions considered 

■ as being independent, we obtain all one- and two-point functions in the dual renor- 

! malization group flows of the boundary field theory. Operator and vev flows are 

I explicitly distinguished by means of the physical condensates. The method is ap- 

' plied to the GPPZ and Coulomb branch flows, and field theoretical expectations 

are confirmed. 

o 



1 Introduction 



X. 

. In the past years, holographic dualities have been used extensively in the study 

of quantum field theories. According to the holographic principle, the proper- 
ties of a quantum field theory living on the boundary of a certain bulk space- 
time are in one-to-one correspondence with the dynamics of a field theory 
living in that bulk [1,2]. The duality most studied (and very well understood) 
is the correspondence between conformal field theories and field theories liv- 
ing on anti-de Sitter bulk spaces (AdS/CFT correspondence), e.g., the duality 
between A/" = 4 SYM theory and gauged A/" = 8 super gravity on AdS^ x 
[3-5]. 

In general, the bulk theories also allow for solutions that describe asymptot- 
ically AdS spaces. In the case of A/" = 8 super gravity, these gravitational 
backgrounds have been interpreted as the duals of AT = 4 SYM theory either 
perturbed by the insertion of relevant operators or given a non-zero vacuum 
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expectation value (vev) of some scalar operator [6-13]. Formulated more gen- 
erally, asymptotically AdS bulk geometries describe the renormalization group 
(RG) flows of boundary fleld theories with conformal UV fixed points [14-22]. 

Using the recipe of the AdS/CFT correspondence, the correlation functions of 
operators in boundary field theories with RG fiows can be obtained by studying 
the fiuctuations in the bulk theory around the background fiow solutions. This 
procedure has been applied to the operator fiow of Girardello, Petrini, Porrati 
and Zaffaroni (GPPZ) [12] as well as to some of the Coulomb branch vacuum 
flows of A/" = 4 SYM theory [11,23]. The correlation functions obtained so 
far inlude various two-point functions for scalar operators and the traceless 
transveral parts of the two-point functions of the energy momentum tensor 
[24-26,11,27-30], as well as the two-point functions of 7^-currents [31]. In [30], 
also the fermion, vector and gravitino sectors of the super gravity fluctuations 
are discussed. 

In the present paper, we shall consider in detail a generic bulk theory consisting 
of scalars coupled to gravity. Our improvements with respect to preceding work 
[28-30] will be two-fold. First, although the fluctuations of the active scalars 
(scalars having a non-zero background) are coupled to the metric fluctuations, 
their respective boundary values are prescribed independently, since they are 
the sources in the boundary field theory. This enables us to obtain, in addition 
to the scalar two-point function, the complete energy momentum tensor two- 
point function as well as the mixed scalar-energy momentum tensor two-point 
function. Second, we are able to distinguish explicitly between the operator 
and the vev fiows. In the former, the boundary field theory is perturbed by 
inserting a scalar operator into the boundary field theory action with a finite 
coupling, whereas in the latter there is a change of the vacuum of the fleld 
theory. While all one-point functions in the operators flows vanish, the vev 
fiows explicitly exhibit a condensate. These one-point functions are generated 
by the addition of counter terms necessary to render the generating functional 
finite. 

As a preliminary, it is instructive to consider the foundation of holography, 
namely the correspondence formula 

On the right hand side, S[<j)^ g\ denotes the (properly renormalized) on-shell 
action of the bulk field theory as a functional of prescribed boundary data 
and Qij. On the left hand side, we have the generating functional for the 
boundary quantum field theory, which lives on a background with metric g.ij^ 
and whose action functional is equal to the action functional at an ultraviolet 
fixed point perturbed by the insertion of the relevant operator O with coupling 
0. The expectation value on the left hand side of eqn. (1) is taken with respect 
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to the unperturbed fixed point action, indicated by the index 0. From eqn. (1) 
follow straightforwardly the correlation functions of the boundary field theory, 



1 6S 



(2) 



{0{x)0{y))^ 



1 r 5S 5S 



etc. (3) 



\l^\f^ y ^H^)H{y) H{x) S^{y)\ 



In eqns. (2) and (3), the expectation values are calculated in the perturbed 
boundary field theory, indicated by the index 0. 

In the remainder of this section, ley us give a brief outlook of the rest of the 
paper. We shall explain the general method in Sec. 2, which is subdivided into 
two parts. In subsection 2.1 we present in detail the equations of motion and 
the on-shell action of the bulk field theory, with special emphasis on our new 
gauge choice. The resulting equations of motion for the active scalars and the 
bulk graviton are coupled, so that, in the case of one scalar, they give rise 
to a third order ordinary differential equation (ODE). However, one solution 
is found, which guarantees the reduction of the problem to a second order 
ODE. The reader is referred to the appendix for matters of notation and 
for some relevant formulae, which are used in subsection 2.1. In subsection 
2.2 we explain how the on-shell action is expressed in terms of the sources 
of the boundary field theory, which is essential for obtaining the correlation 
functions. Three cases are distinguished: operator flows involving active scalar 
operators of dimension A > d/2, vev flows for these operators, and vcv flows 
for operators of dimension A = d/2. In the latter two, the appearance of the 
condensate is demonstrated. In Sec. 3 we shall apply our method to the GPPZ 
and Coulomb branch flows. The algebra involved, especially the factorization 
of the third order differential equations, is quite complex. Therefore, we had 
to make extensive use of symbolic algebra software (Maple). The reader is 
guided through the essential steps of the calculation with only the results of 
them given. Finally, Sec. 4 contains conclusions. 



2 General Method 

2. 1 Equations of Motion and on-Shell Action 

We consider a generic bulk field theory containing scalars coupled to gravity 
with the following action. 




(4) 



3 



where the bulk term is given by[^ 



(5) 



We assume that the potential V{(f)) can be written in terms of a "super po- 
tential" U{(j)) as 



4{d-l) 2\d<f)^ 



(6) 



This relation holds for actions 5* stemming from super gravity theories, but 
might in fact be more general (see [32] and references therein). The surface 
term of the action, Ssurf, consists of the Gibbons-Hawking term containing the 
second fundamental form, H, and a series of counter terms [33-36], of which 
we shall write explicitly only the first one, since the others do not contribute 
to the non-local correlation functions, 



^surf = / d''x^[2H-U{<P) + 



(7) 



Our specific choice for the counter term is inspired by the Hamilton- Jacobi 
method in holography [37]. 

We are interested in the on-shell action for fluctuations around a given back- 
ground solution. Let us write 

^ (p^ + '^\ g^lu gtiu + hf,^ , 

where y?^ and h^^, are fluctuations around a solution given by 0^ and g^^. Then, 
the first order variation of S'buik is obtained as (A^'^ is the surface normal vector) 



where we have used the equations of motion, 

dV 



72 aI 



+ 







R--g^^dx<P'd,<p' + V{<P) 



(9) 
(10) 



in order to eliminate the bulk integral. 



^ Our conventions for the curvature tensor are R^upX = dpV^^x + T'^p(^T^^x — {p ^ 
^)) Riiv = R^fipi/- We have adorned with a tilde quantities belonging to (d+l) space 
to distinguish them from those of the d-dimensional hyper surfaces. 
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To eqn. (8), we add the first order variation of the surface term, jSgurf, and find 



n 



(11) 



In order to obtain eqn. (11), we have made use of the geometric relations 
governing hyper surfaces, which are listed in appendix A. 

Eqn. (11) can be used to calculate the on-shell action to second order in the 
fluctuations around a given background solution, (p, g, using the simple formula 



+ ip,-g + h]= S[^, 3] + 5S[^ + ^/2, 1 + h/2- 99, h] + 0{{^, hf) . (12) 



Specifically, we are interested in d-Poincare invariant background solutions of 
the form 

= 4)\r) , ds" = dr^ + e''^^''^r]ijdx'dx^ . (13) 

For a potential V of the form (6), such an ansatz satisfies the equations of 
motion (9) and (10), if [10,32,17] 

9,0' = §. a^A(r) = -' umr)]- (14) 



Let us continue with linearizing the equations of motion, eqns. (9) and (10), 
around the background (13). First, eqn. (9) yields 

a2T^ ni/ 1 ajj 

{dl + dAd, + e-^n) / + ^^^^ + - {d.h.. - drhl + 2a./.,:.) 

(15) 

Regarding our notation, □ = d'^di and 9* = V^^dj, but hi = g'^hjr and /i* = 
g'''hkj. 

Second, multiplying eqn. (10) by N'^N" and using the equation of Gauss, eqn. 
(A. 6), one finds 

R + H]Hl -H^ + N>'N''d^4>'d,4>' - ]^g^^d^(t>'dA' + V{4>) = , (16) 
whose linear form is 

e-2^P;/l] + \u{4>){drK - 2diK) + V{^)hrr + ^dr^' + = . (17) 
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The symbol denotes the transversal projector, 



(18) 



Third, the mixed components of Einstein's equation are obtained by multi- 
plying eqn. (10) by N^^S'^ and using the equation of Codazzi, eqn. (A. 7), with 
the result 

diH - VjHi - ]^N^d^(t>'di(t>' = . (19) 
Linearizing eqn. (19) yields 

1 Or T 

dr{&h) - d%) + Pihi - -U{4>)d%r - = . (20) 



Last, the only part of the tangential components of eqn. (10) that is indepen- 
dent of eqns. (15), (17) and (20) is the following equation for the traceless 
transversal part of /i*-, 

(a^ + dA'dr + e-2^n) /i} = , (21) 

where 

^5 = 5jn}f4, ^^ = l{P''P,i + PiP^)-^PiPt . (22) 

Eqn. (21) is identical to the equation for a free massless scalar, as is well 
known. 

After differentiating eqn. (17) with respect to r, one can eliminate Pj/i] using 
eqns. (17) and (20), and then use eqn. (15) to obtain 

-U{4>)drhrr - 2V{^)Kr + (d - l)e-'^nhrr + 2{d - ^)g^drip' - 2^ip' 

+ {d- l)dr{drhi - 2dihl) - U{^){drhi - 2dihl) = . (23) 

The two equations (15) and (23) depend on the three variables ip^ , hrr, and 
{drhl — 2dih\.), the last of which can be eliminated by fixing a suitable gauge. 
We shall do this now. 

Under a difi^comorphism, 5g^„ — V^^j, -|- Vj,^^, the components of the metric 
fiuctuations transform as 

5hi^ = diij + djii + 2Mgi^ir , (24) 
Shir = di^r + drii - 2A'$,i , (25) 

5hrr = 2dr^r ■ (26) 
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Thus, the combination drh] — 2dihl, which appears in the equations of motion 
(15) and (17), transforms as 

5{drhi - 2dX) = 2ddr{A'ir) - 2e~^^D^r ■ (27) 

Hence, we can use first C,r to fix drh] — 2dihl = 0, and then C,i to obtain h^. = 0. 
Thus, our gauge is 

d,hi = hi = . (28) 

The gauge (28) is accessible via non-singular gauge transformations and does 
not involve the field sources.[^ 

In the gauge (28), the equations of motion (15), (17) and (20) become 

+ ''^'9' + / + g^pgp^ +a^h„- -g^dA„ = , (29) 

riTJ BV 

e-'^P;hi + + ^5,/ + = , (30) 



and 

1. dU 



dr&h) - -U{<P)d'Kr - ^-^V' = , (31) 
respectively, whereas eqn. (23) becomes 

-U{4>)drKr - 2VU)hrr + (d - l)e~^^nhrr + 2(d - l)-^9,/ - 2-^/ = . 

2 o(p^ 0(p' 

(32) 

Eqns. (29) and (32) form a system of coupled ODEs for hrr and ip^ . One 
solution can be easily found by trial and error and is given by 

dU 



where x satisfies the first order ODE 



Uimx + 5rt/[0(r)]x + ^^e-^^Dx = . (34) 



^ In contrast, the gauge dj-h] — 2dih\. = dA'hrr, which would eliminate the terms 
with drhrr from eqn. (23), needs a singular in the asymptotic region (r oo). 
The fields would thus aquire a spurious asymptotic behaviour, and we must reject 
this gauge. One could also use to eliminate hrr, as was done in [28]. However, the 
resulting fluctuation equations appeared to be difficult to analyze. 
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Hence, in the case of only one active scalar, (/?, the ODE (34) directly translates 
into a first order ODE of the form [dj. + c(r)](/9 = for the special solution 
given by eqn. (33), with a unique function c(r). This means that the third order 
equation of motion for the general </? stemming from the system of equations 
(29) and (32) factorizes into the form 

[dl + a{r)dr + h{r)][dr + c{r)]^ = . (35) 

Finding the functions a{r) and h{r) is straightforward and is similar to the 
division of polynomials. This fact makes our approach feasible. 

We shall now turn our attention to the on-shell action. It is straightforward 
to reahze that, for a background of the form (13), both the background value 
and the first order variation of S vanish, 

5[0J]=O, (36) 
55[0,i;(^,/i] = O. (37) 

Eqn. (36) means that the normalization of the expectation values in eqns. (2) 
and (3) is the same as for the unperturbed theory. Moreover, it is necessary 
in supersymmetric settings. Eqn. (37) seems to imply that holographic one- 
point functions vanish. This observation has already been made by Arutyunov, 
Prolov and Theisen [29]. However, this fact survives only, if no additional 
counter terms are needed, which is the case for operator flows. We shall discuss 
this point in subsection 2.2. 

In order to obtain the term of S quadratic in the fluctuations, we expand the 
second term of the right hand side of eqn. (12) and obtain, after substituting 
the background (13), 



S[^ + ip,'g + h] = J d'^x^ 



+ • 

(38) 



It takes only a few steps to show that, by virtue of eqn. (20) and the gauge 
(28), eqn. (38) can be rewritten as 



If r (9^?7 dU 

S^-j d'^xV§ [2/a,/ - 2^<^V' - g^<p'K 



(39) 



The last term on the first line will not contribute to the non-local two-point 
functions. 
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2.2 Sources and Responses 



We shall begin this section introducing the reader to what we exactly mean by 
the terms "sources" and "responses." In the case of scalar fields in a pure AdS 
background, these notions are identical to the regular and irregular boundary 
data, respectively [38]. In the AdS/CFT correspondence, they have been used 
in [39,40]. For simplicity, let us consider a single scalar field that couples to an 
operator of scaling dimension A. There are three different cases, operator flows 
involving scalar operators of dimension A > d/2, vev flows involving these 
scalars, and vev flows involving operators of dimension A = d/2. We shall 
start by analyzing in detail the operator flows, and consider the differences in 
the other two cases later. 

The behaviour of the flelds ip and /ij- for large r can be described as [5,33,36] 

(^(x, r) = e(^-'^)''/' [<^(x) + ■■■]+ e-^'-/' [^(x) + ■ ■ ■ ] , (40) 
hUx,r) = \mx) + ---]+e-'''^''\h){x) + ---] . (41) 



Here, A > d/2, so that the flrst pairs of brackets on the right hand sides 
of eqns. (40) and (41) denote the leading series. The coefficcients (p{x) and 
/i*(x) are regarded as the sources, and the remaining terms in the brackets 
depend locally on them.[^ The second pairs of brackets denote the subleading 
series, which are determined by the responses if{x) and /i*(a;).[^ The general 
solution to the coupled equations of motion, eqns. (29) and (32), is determined 
uniquely by specifying three integration constants, say, (p, Pjhj and (p, but it 
is in general not regular in the bulk. Thus, imposing one suitable regularity 
condition, only two constants need to be specifled, which we choose to be the 
sources, and Pjhl. Then, the responses, ip and Pjhl, are uniquely determined 
and give rise to the holographic two-point functions. It seems clear that, since 
only one condition can be imposed, one cannot demand regularity for both 
flelds, ip and h^j. Notice that, in general, each of the responses will depend on 
both sources. This is not so in the pure AdS background, where the scalar and 
gravity equations of motion decouple. 



^ There is another way of defining the sources, namely by imposing Dirichlet bound- 
ary conditions on the fields at some cut-off boundary. The boundary values are the 
bare sources, which have to be rescaled when sending the cut-off to infinity. This 
method has been used successfully in the AdS/CFT correspondence, but it is tech- 
nically very difficult to solve a Dirichlet boundary value problem in the RG flow 
backgrounds considered here. 

^ Generically, the source and response series are in powers of e~^^/' with coefficients 
that depend locally on the sources and responses, respectively. However, for A = 
d/2 + k, with positive integer k, as well as for even d, the source series contain terms 
of the form r/Ze"^"*"/' with n> k and n > d/2, respectively. 
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In order to analyze the equations of motion in the asymptotically AdS region 
of the bulk (for large r), wc let A{r) = r/l + ■ ■ ■ . Moreover, we need the 
following expressions of the potentials U and V close to the UV fixed point 
[41], 

= + + (42) 

Vi<P) - - \m'<t>' + ■■■ , (43) 

where m^l^ = A(A — d). Since the background field satisfies eqn. (14), eqn. 
(42) tells us that behaves as 

0(r) =^eM'-/' + -- - . (44) 



Using eqn. (30) one can determine the asymptotic behaviour of hrr, 

l2 -2r/l ^ A - 9rr72/2 ^ 

(45) 

Then, from eqn. (31) one finds the asymptotic behaviour of Pj/ij, 

Pm{x, t) = pU{x) - l-^^nupm + . . . + (A-ci)(2A-ci) ^^^^_,,/, ^ _ _ 
■' ■' Id d 

(46) 

It is reassuring that the term with ^'y^^'^)'''!^ vanishes, and that one reproduces 
the behaviour of eqn. (41). 

The traceless transversal part of /i* obeys the second order ODE (21). The 
asymptotic behaviour of the solution is given by 

h){x, r) = ii]{x) + ^p^e-2''^'°M^) + ■ ■ ■ + ^l(^)e-'^/^ + • • • ■ (47) 

As in the pure AdS background, the response hj^ is determined in terms of the 
source hj by imposing the condition that the solution be regular in the bulk. 

Let us now return to the on-shell action, eqn. (39). After inserting the ex- 
pansions (40), (46) and (47), the finite terms give us the generating funcional 

for two-point functions of the boundary field theory. However, we must first 
look at the divergent terms. The leading divergent terms (proportional to e*/' 
and Qi'^^-'^y/''^ should vanish, since the appropriate counter terms have already 
been added. In eqn. (39), there are no terms proportional to e'^''/', while it is 
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easy to see that the terms proportional to e^'^^-'^)^l^(fp' canceL Moreover, the 
remaining divergent terms must be local, so that they can be cancelled by 
adding further local counter terms (involving the curvature and derivatives of 
(j)). The two terms on the second line of eqn. (39) might worry us, since they 
are non-local in the sources. However, from eqns. (46) and (47) follows 

7 rrifc 7 pi pfc 

-h)-^U^ e-^'^/' + -l-h)^^h{ e-^'^/' + • • • , (48) 



d-2 ^ n " d-1 ^ □ 

and the non-local terms (stemming from the terms of the projectors with 
four distinct indices) cancel. Hence, the remaining divergent terms can be 
cancelled by adding appropriate local counter terms. These counter terms will 
contribute further contact terms to the correlators, but we will not consider 
them explicitly. 

We can now turn our attention to the finite, non-local part of the action. 
Inserting eqns. (40), (46) and (47) into eqn. (39), we obtain 



'fin 




4 A{d-l)^^^^ 



(49) 



From Sfin, correlation functions are obtained using the correspondence formula 
(1), as in eqns. (2) and (3). When doing so, we shall multiply S'fin by a constant 
of dimension length, k, in order to make the exponent dimensionless. 

The first term in eqn. (49) is responsible for the scalar two-point function, 
{OO). From the AdS/CFT correspondence it is known that the boundary 
field theory operators have dimension A = A > (i/2 at the conformal fixed 
point. The second and third terms give the two-point function of the energy 
momentum tensor, {T-Ti"). However, since the scalar (p couples to P'-hl, the 

response (p will also depend on the source and, vice versa, the response 
P'-hl will depend on the source (p. Thus, the first and third terms of eqn. 
(49) give also rise to a two-point function of the form (TjO). This two-point 
function satisfies the Ward identity for 4d Poincare invariance. 



^^{T;ix)Oiy)) = 0, (50) 



since it is proportional to the transversal projector Pj. 

Let us consider now the case A < d/2, which corresponds to vev fiows. The 
formulae (40) to (47) remain valid as before, but the interpretation of the 
fields If and ip changes. In fact, since X — d < —A, the series with (p in eqn. 
(40) becomes the leading one. Correspondincly, we interpret (f as the source. 
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whereas ip is the response. The background, behaving as in eqn. (44), follows 
the sublcading behaviour of the fluctuations. This means that the background 
source is zero, i.e., there is no operator insertion in the boundary field theory 
action. 

The on-shell action, eqn. (39), becomes 

where we have not written those terms that remain unchanged with respect 
to eqn. (49). However, since we now have d > 2A, the second term is divergent 
(in this case, the counter term with C/(0) cancels the sub-leading term), and 
we need to add a counter term, 

S.t^\(^X-fjJd'x^<l>'. (52) 

Notice that the counter term must be expressed in terms of the full fields, 
because of the universality of the action. Adding eqn. (51) to (52), we find the 
finite on-shell action. 




d'^x Lp^ + 2(^0 + + ■■■] . (53) 



5 fin 



Eqn. (53) gives correlation functions of operators, whose dimension at the 
conformal fixed point isA = (i — A>(i/2. In fact, for the AdS background, 
eqns. (49) and (53) arc identical, when A is expressed in terms of A. For RG 
flow backgrounds, we explicitly obtain the condensate 

{0{x)) = {d-2^)-^h (54) 



The contact contribution to {TjOj from the third term on the right hand side 
of eqn. (53) has its origin in the fact that is the energy-momentum operator 
of the boundary field theory including the source term [42] . 

Let us finally consider the special case of operators with scaling dimension 
A = d/2, which also corresponds to vev flows. While the background held 
behaves asymptotically as 

0(r) =e-*/('')0 + --- , (55) 
the leading behaviour of the perturbation (/? is 



(^(r, x) — e" 



-dr/{2l) 



T 

jLp{x) + Lp{x) 



+ ••• . (56) 
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Again, the background behaves as the subleading part of the fluctuation. 
Hence, the background source is zero, and the RG flow must be a vev flow. 

Inserting eqn. (56) into the action (39), one flnds 

S = ^Jd''x(^^f + 0^ + ---^ ' ^^^^ 

where we have not written those terms that remain unchanged with respect 
to eqn. (49). The term with r/l in S is logarithmically divergent and must be 
cancelled by adding a suitable counter term,[^ 

^ct = d'x^<l>' . (58) 

As before, the counter term must be expressed in terms of the full flelds (p and 
gij, not only in terms of the fluctuations ip and /i*, since it should be valid for 
any background solution. Adding Set to eqn. (57) yields the flnite action 

^fin = -y / d""^ [l^'f + 'fi+ + ■ ■ ■ ) , (59) 

where the ellipses indicate the last two terms of eqn. (49), which remain un- 
changed. One can check easily that the formula (59) yields the correct {i.e., 
postive deflnite) conformal two-point function (C(x)0(?/)) in the case of the 
AdS background. The scalar operators have dimension A = d/2 at the con- 
formal flxed point. 

The second term in eqn. (59) yields the condensate of the boundary fleld 
theory, 

{0{x)) = -j} , (60) 
whereas the third term again gives a local contribution to the correlator 




3 Particular Flow Solutions 

3.1 GPP Z Flow 

An explicit flow solution describing the renormalization group flow from M = 

4 SYM theory in the UV to AA = 1 SYM theory in the IR {d = 4) was 

^ "Logarithmically" because r/l is proportional to the logarithm of the volume of 
the boundary space. 
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found by GPPZ [7]. The flow is generated by perturbing the SYM theory 
action by inserting an operator of dimension A = 3. The super potential f/(<i>) 
responsible for the GPPZ flow is, in our notation (only the non-zero active 
scalar is shown), 



and the background flow solution is given by 

1 + e-^/' 
7^ ' 



0(r) = V3 In ■ 



A{r) 



y + In {e'/^ - e 



-r/l 



Towards the horizon, the background field 4> behaves as 

0(r) = 2v^e-'-/' + • • • , 

so that, according to eqn. (44), A = A = 3 and (j){x) — 2^/3. 



(61) 



(62) 
(63) 

(64) 



In order to study the fluctuation equations, it is advantageous to introduce 
the variable 



1 - e-^'-/' 



(65) 



The system of equations (29) and (32) is equivalent to a third order ODE for 
(f, which is of the form [cf. eqn. (35)] 



d 



272 



+ 



dv 2(1-1;) 8 



^{v) = 



(66) 



The first order factor is obtained from eqn. (34), and the coefficients a{v) and 
b{v) have been found using symbolic algebra software (Maple), 



a{v) 



pH^v^ + 8v - 2pVv + 36 

v{p^Pv'^ + 4f — p^Pv + 12) ' 



(67) 



_ pH^v{l - vf+pH'^{l - tO(t>^ + Av - 16) + A{v'^ + 5-t; - 2) 

~ 4i;(p2/2y2 + 4y _p2^2^ + 12) (1 - vf ■ ^ ^ 



The solution of the second order ODE, 



d_ 

dv 



i^{v) = , 



(69) 
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which is regular at v = 0, is 



^{v) = C,VT^ \ 4(1 + .) F ( 3; 8 F f 2; . 



2 ' 2 



2 ' 2 



(70) 



where a = y/1 — p'^P, and C2 is a constant. 

Now, one has to solve the inhomogeneous first order equation 



d 5 — — v{l — a^) 
dv ^ 8(1 -v) 



(71) 



Let us write (f{v) as 
</?(i') = y/1 — V 



C,e-(-"^W« + F f i±^, 2; . ) + C.A(.) 



1-q;2 



2 ' 2 



(72) 



where the term with the constant Ci is the universal solution of eqn. (71). 
Now, we are left with the simpler equation for X{v), 



d 1-q;2 



dv 8 



A(^) = -4(1 - ^) F ( 3; t; ) , (73) 



but we will not have to solve it explicitly. 



Instead, we shall look at the asymptotic behaviour of the fields at the horizon. 
First, let us introduce 



u 



(74) 



so that the horizon is at m = 0. Then, we can describe the asymptotic be- 
haviour of the field ip by the expansion 

ip(u) ^u\Ai + In u(A2u'^ + Asu'^ + ^414^ H ) + Biu^ + B2U^ + -63x4^ + • • 

(75) 

This expansion uniquely determines when the three coefficients Ai, A2 and 
Bi are specified. The higher order coefficients can be obtained recursively from 
the third order ODE (66). We have used Maple to perform this task. 

The solution (72) has only two coefficients, Ci and C2, since we have used 
only the solution of the second order ODE (69) that is regular in the bulk. 
After changing variables to u, one can see from eqn. (73) that X{u) is of order 
u^lnu. Thus, the coefficients Ai, A2 and Bi are related to Ci and C2 by (see 
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[43] for the asymptotic expansion of the hypergeometric function) 

64^2 





= Ci + - 




= 32(72 




1 — a 







-Ci + I6C2 



3 + a 



a 



V^(l)-V^(2) 



(76) 
(77) 

(78) 



Here, we have introduced for brevity of notation 



Co — Co 



3 + a 



a 



n -1 



Obviously, A\ is identified with the source, whereas B\ is the response, 
(p. Specifying the source P'-K\ determines also A2 uniquely. In fact, P'-h\ is 
obtained from eqn. (30), where }%„ is to be expressed in terms of 9? by solving 
algebraically eqns. (29) and (32). After the necessary algebra we find 



PpA^M = ^[Ai(a' - 1) + 2A2] + 0{u') . 



(79) 



Hence, after determining Ai and A2 in terms of the sources (p and Pjh^ , solving 
eqns. (76) and (77) for Ci and C2, and substituting the solution into eqn. (78), 
we obtain 



2;2 



where the function fi{p^) is 



12 



flip') - o 



(80) 



'3 + Vl-p'l'' 



3- Vl-p^P 



-V'(2)-V'(l) ■ (81) 



It remains to determine the response Pjhj. We proceed as for the derivation of 
eqn. (79), but do not truncate at the lowest order. It is necessary to substitute 
the recursively determined coefficients A3, A4, B2 and i?3, after which one 
finds 



2;2 



piKiu^p) = pMip) + u'^pmip) 



+ u 



iVspH 
I 16 



2;2 



16 



2^ , P'l' + 4 



(82) 



Here, we have not explicitly written the term of order u^hiu, whose coefficient 
is a local function of the sources. One can easily check that eqn. (82) agrees 
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with the general form (46) up to terms of order that depend locally on the 
sources. The term proportional to u'^ is the response Pjhl . 

For completeness, we shall repeat here the solution for the traceless transversal 
part of hj [27,28,30]. In terms of the variable v, eqn. (21) reads 



2/2 



d pH 



and its solution, which is regular at v = 0, is 



hUv) = , 



^(.)^qKf^,-^;2;.V 



(83) 



(84) 



After asymptotically expanding the hypergeometric function for small u — 
^/l — V [43], eqn. (84) can be expressed as 



2/2 



hUu)^h^ip){l- 



2;2^ 



pH\A+ pH 
32" 



where we have introduced the source h,, and /2(p^) is 



(85) 



M/) = ^ (2 - ^) + ^ (2 + ^) - 2^(2) . 
The term in eqn. (85) proportional to u is the response /i -. 



(86) 



We are now in a position to substitute the responses, (p, Pjh{ and h^, into the 
expression for the finite part of the on-shell action, eqn. (49). One obtains 



fin 



d'^p 



pH 



I 



(87) 



Finally, from eqn. (87) one can read off the two-point functions 



{0{p)0{-p)) 

t;{p)0{-p 



TUp)Tn-p)) = -^ 



'-^p'Mp') , 

^h{p')pi , 

2kI 



^^^^hip')ir^ + \h{p')p;pt 



(89) 
(90) 
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In passing from eqn. (87) to eqn. (90) wc have omitted a local term propor- 
tional to (4 + p^/^). The correlator (88) and the traceless transversal part of 
the correlator (90) agree with the expressions known from the literature up to 
normalization [27,29,30]. Taking the trace of the energy momentum tensors, 
we find the following relations, 

{Ti{p)0{-p)) = VSkIp'Mp') = 2^3 {0{p)0{-p)) , (91) 
{Ti{p)Ti{-p)) = 6«:ZpVi(/) = 12 {0{p)0{-p)) , (92) 

leading to the conclusion that 

Ti = 2\/?>0. (93) 

This relation is direct evidence of the expected operator relation 

Ti{x)^P^OM , (94) 

where (3^ are the beta functions corresponding to the couplings of the primary 
operators On [44]. For the active scalar operator in the GPPZ flow, we find 

/3 = 2v^= -(A-(i)0(x) , (95) 
which agrees with the renormalized holographic beta function [27,41]. 



3.2 Coulomb Branch Flow 



In this section, we shall consider as an example one of the five renormalization 
group flows involving a single active scalar from the 20' of 5*0(6) in d = 4, 
= 4 SYM theory [11,45]. It was called n = 2 flow in [11]. These flows are 
vev flows moving the fleld theory onto the Coulomb branch. 

In our notation, the potential U (0) responsible for the Coulomb branch flow 
is given by 

C/(0) = -l(^e-'^/^+^e2^/^) . (96) 
Introducing the new variable 

V = e^^(^)/2 , (97) 
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the various quantities can be re-expressed as 

2{v + 2) dU 4(1 -v) 



V{4>) 

p2A(r) 



4(1 + 2^;) dV _ 8(1 - v) d'^V _ 4(2 + v) 



(98) 



where the length L is related to the radius of D3-branes, Ids, by Ids = I'^/L 
[11]. 

The horizon is at f = 1. The asymptotic behaviour of the background field 
towards the horizon can be obtained from eqns. (97) and (98) (remember that 
A(r)^r/0, 



(99) 



and we can read off A = 2 and 0(x) = —\/6f/{3L'^ 



The system of equations (29) and (32) is equivalent to a third order ODE for 
(f, which is of the form 



d 



1 1 
+ 



■SL-p 



dv 2 + v 1-v Sv{2 + v) 



^{v) = . (100) 



Again, we have performed the factorization using Maple and obtained the 
coefficients a{v) and b{v) as 



a{v) = 



5p^W + 48v - 8p'L^ + 64 

v{2 + v)[p^L^{v - 1) + 8] ' 
p'^L^{v -l){v + 2)+ 4p2L2(4t;3 - 9v^ 



(101) 



64:{v-l){3v + 2) 



4(v - 1)^2(2 + v)[p2L2(u - 1) + 8] 



(102) 



Let us now solve the second order equation, 



With the substitution 



(103) 



7P{v)^{2 + v)-'v''/^-^p{v) , 



(104) 
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where the constant a is 



a 



1 + p2L2 + 1 , 



(105) 



eqn. (103) becomes 



+ 



a{a — 2) 
[a - 1)^2 + 



2 , ^a + 2)(a-4) 



V + (a — l)v 
1 



(q + 2)(q-4) 



q; 



a-2)^t;-a(a-4) p = . (106) 



The solution of eqn. (106) that is regular at = is 



p{v) = C 



a a \ 2 f a a 

--l,--l;a;.j + -F(^--l,-;a;. 



(107) 



where C is a constant. 



It remains to extract the asymptotic behaviour of ^p{x) near the horizon from 
the first order differential equation 



1 1 3LV 

+ 1 + 



d_ 

dv^ 2 + v ' l-v ' %v{2 + v) 



(108) 



Let us introduce the new variable -u by f = 1 — {P/L'^)u, so that ti ~ e ^^/^ 
for large r. Then, the field (p has an asymptotic expansion 



ip(u) = In u (Alii + A2U^ + Asu^ H ) + Biu + B2U^ + -Bgit^ + 



(109) 



Since (p{u) satisfies the third order differential equation (100), specifying the 
three coefficients Ai, Bi and B2 determines the field uniquely. The higher 
order coefficients can be determined recursively, which we have done using 
Maple. The coefficients Ai and Bi are related to the source and response, 
respectively, by 



(fi = -2Ai, (f^Bi 



(110) 



In order to determine the coefficient B2, one has to look at the leading order 
of the field Pj/ij. It is obtained from eqn. (30), where hrr is to be expressed 
in terms of cp by solving algebraically eqns. (29) and (32). After the necessary 
algebra we find 

Pmu.P) = ^ |[16 - 6a(a - 2)] A + [4 + ?,a{a - 2)\B^ + 24^52} + 0{u) . 



:iiii 
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The additional relation between Ai, Bi and B2 is obtained from eqn. (108) as 
follows. After changing the variable to u and inserting the asymptotic expan- 
sion (109), the left hand side of eqn. (108) reads (the recursively determined 
higher order coefficients must also be substituted) 



+ 



11/ 
-3 - 4«(«-2) 



2)Aiu\n.u 



1 1 / 
3 + 8^^^ 



2) 



Bi - —B2\u + 0{u^hiu) , 



(112) 



whereas the asymptotic expansion of the right hand side is [43] 



2r(n)C 
3r(a/2 + 1)2 



1 + 



8L2 



"8L2 



32 



2)uhiu 
/2 



a{a-2) |^ln-^ + 2^(^|) -2^(l)-2j '^ + 0{u^\nu) 



(113) 



Comparing the constant terms of eqns. (112) and (113) yields C in terms of 
Ai, and the u term gives the desired relation between the three coefficients 



Ai, El and B2. Expressing Ai, Bi and B2 in terms of the sources and P'^k' 
and the response one finds the following relation, 

4 



<^(P) 



'a\ 1 P 

^ \2; ' 2 L2 3q;(q;-2) 



(114) 



It remains to determine the response Pjhl. Wc proceed as for the derivation of 
eqn. (Ill), but do not truncate at the lowest order. It is necessary to substitute 
the recursively determined higher order coefficients, after which one finds 



,2/2 



^/fin2/2 „2 74 _ 



24L2 



384L2 



(115) 



+ 



Again, we have not written explicitely the term u'^lnu, whose coefficient de- 



pends locally on the sources. The term in eqn. (115) is the response P^h-^ 



For completeness, we shall give here also the solution for the traceless transver- 
sal part of the graviton. In terms of v, eqn. (21) reads 



-(i-)|^ + (2-)|;-i;«(«-2) 



/i^ = 0. 



(116) 
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whose solution, which is regular for i> = 0, is 

/.} = q^"/^-^F(|-l,|-l;ar 
Asymptotically expanding eqn. (117) for small u yields [43] 



;ii7) 



h]{u,p) = hAp) 1 1 —u 



pH" 2 

u 

32 



/2 

In M + In — + 2-?/' 



(f)-2.(l) 



+ 



(118) 



The term proportional to is the response hj. Notice that, in contrast to the 
massless scalar field, we cannot discard the local terms in eqn. (118), because 
there is a factor 1/p^ in the on-shell action. 



Finally, we substitute the responses ip, P-hl and into the expression for the 
finite on-shell action, eqns. (49) and (59). We obtain 



fin 



/ 



1 p 

^(l) + -ln 



3L2 



^(-p) - ^^i) Hip) - ^{-P)^pipt 



2 L2 3p2L2 
^ ^hiip) 



32 3p2L2 



+^{-p)-Il^ 



16' 



1/2 2 
V^(l) + -ln— + 



2 L2 p2^2 4 



(119) 



Prom eqn. (119) we can read off the correlators 



3L2 

{0{p)0{q))-{0{p)){0{q)) = -j 



(120) 



^(f)-^(l) 



3p2L2 



S{p + q) , 



t;(-p)0(p) 



V6^^ ( 2 p. 

3L2 l3p2 1 ^ 



T}{-p)Tt{p))^-—Ti';, 



a 



3p2L2 



(121) 
(122) 

(123) 



where we have discarded some local terms. In particular, we have shifted 
the = pole term proportional to PjPi in the energy momentum ten- 
sor two-point function to the traceless transversal part. Notice that the term 
propotional to 5* in (Tj{—p)0{p)^ has its origin in the source term inserted 
into the boundary field theory action functional. Thus, is not exactly the 
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energy momentum operator of the field tlieory, and, when one considers the 
true operator, this unusal term does not appear [42]. Eqn. (121) has the op- 
posite sign with respect to the result of DeWolfe and Freedman [28]. This is a 
result of adding the counter term (58), which contributes to the finite on-shell 
action. For large \p\, eqn. (121) approaches the conformal two-point function 
for operators of dimension A = 2 (with the correct sign) , so that we conclude 
that our sign is the correct one. The pole at p"^ = can be interpreted by 
the existence of a massless dilaton from the broken conformal symmetry. The 
traceless transversal part of eqn. (123) has already been found in [11]. 



4 Conclusions 

In this paper, we have presented a detailed calculation of one- and two-point 
correlation functions in holographic renormalization group flows dual to the 
Poincare invariant background solutions of generic bulk theories containing 
scalars coupled to gravity. We were able to explicitly distinguish between op- 
erator and vev flows by means of the condensate in the boundary fleld theory. 
This result was achieved by carefully considering the counter terms, which 
must be added to the bulk fleld theory action in order to cancel divergences. 
For operators of dimension A > d/2, we can describe both operator and vev 
flows, whereas for operators of dimension A — d/2 we only have vev flows. 

Our main improvement for two-point functions in holographic renormaliza- 
tion group flows is that we considered the sources of the metric and scalar 
fluctuations as independent boundary data, which couple as sources to the 
energy momentum tensor and scalar operators of the boundary field theory, 
respectively. Thus, our method results in the complete non-local correlation 
functions (OO), (TjO) and {TjTl"). An analysis of these correlation functions 
yields important facts about the boundary fleld theory. For example, our anal- 
ysis of the GPPZ flow in Sec. 3.1 confirmed the operator relation = f30, 
where p is the renormalized holographic beta function. Moreover, there should 
be a relation between the PjPl' part of {T^Ti) and the c-function of the RG 
flow [46]. In order to obtain the correct contact terms in the correlators, one 
would have to carefully analyze all divergent terms in the on-shell action and 
to add necessary counter terms along the lines of [36] . This has been achieved 
very recently in [42]. 

We have chosen to apply our improved method to the GPPZ and Coulomb 
branch flows, which have already been studied in the literature, in order to be 
able to directly verify the known results and to improve them by finding the 
complete set of two-point functions. We leave the application of our method 
to other holographic renormalization group flows for the future. In particular, 
a flow that interpolates between UV and IR conformal flxed points would be 
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specially interesting, because the correlation functions shoTild exhibit this flow 
in their dependence on the momentum p. In that respect, toy models, which 
do not necessarily contain the super potentials of true super gravity theories, 
might be very valuable. Furthermore, our method remains to be tested for a 
vev flow with A> d/2. 

Finally, we would like to mention several interesing questions. It remains an 
open problem how to describe holographically RG flows generated by operators 
of dimension A with d/2 — 1 < A < d/2 {d/2 — 1 is the unitarity bound). For 
the AdS background, the method of using the Legendre transformed action 
as the generating functional [39,40] yields the correct conformal correlation 
functions, but it is not yet known whether it can be generalized to RG flows. 
One might expect that a background solution describing an operator flow with 
d/2 < A < d/2 + 1 also describes a vev flow with a condensate of an operator 
of dimension A' — d — A. A technical problem is that the known examples of 
RG flows do not involve scalar operators with dimensions within this interval. 

Another interesing question is to flnd "conjugate" flows and the relations of 
their held theoretical duals. By "conjugate" we mean the following. Whether 
a background solution describes an operator or a vev flow is determined by the 
super potential U, because of eqn. (14). Given a bulk potential V, the super 
potential is not unique, but there are several solutions. According to eqn. (6), 
one could change the overall sign of U, but this corresponds to simply changing 
the sign of r, so that r — oo becomes the asymptotically AdS region, and no 
new physics appears. It is more interesting to consider the expansion around 
the fixed point, eqn. (42). In general, there are two solutions for A, A > d/2 
describing an operator flow, and X < d/2 describing a vev flow. We call these 
two flows "conjugate," and we conjecture that the corresponding boundary 
held theories are related to each other. 
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A Geometric Relations for Hyper Surfaces 



This appendix shall begin with a review of basic geometric relations for hyper 
surfaces [47]. A hyper surface in a space-time with coordinates {/i ~ 
0, . . . ,d) is defined as a set of c? + 1 functions, X''(a;*) {i = 1, . . . ,d), where 
are the coordinates of the hyper surface. Moreover, let ^^jy and Qij be the 
metric tensors of space-time and the hyper surface, respectively. The tangents 
= diX^ and the normal of the hyper surface satisfy the following 
orthogonality relations, 

~g,,XtX; = g,, , (A.l) 
XtN, = , (A.2) 
N^N^ = 1 . (A.3) 

As in the main text, a tilde will be used to label quantities characterizing the 
{d + l)-dimensional space-time manifold, whereas those of the hyper surface 
remain unadorned. 

The equations of Gauss and Weingarten define the second fundamental form, 
Hij, of the hyper surface, 

diX^ + r^x^x^x^ - r%xj: = h,jN^ , (a.4) 

diN'' + r^^X^N" = -H^X^ . (A.5) 

The second fundamental form describes the extrinsic curvature of the hyper 
surface and is related to the intrinsic curvature by another equation of Gauss, 

RixvXpXf X'^ X^Xi — Rijki + HiiHjk — HikHji . (A. 6) 

Furthermore, it satisfies the equation of Codazzi, 

R^^XpXj'X^N^X', = ViHjk - VjH,k . (A.7) 



The above formulae simplify, if (as in the familiar time slicing formalism 
[48,49]), we choose space-time coordinates such that 

X°^r , X' = x' . (A.8) 

Then, the tangent vectors are given by X^ — and Xf — 51 . One conveniently 
splits up the space-time metric as (shown here for Euclidean signature) 

~9,.= \ ' \ , (A.9) 

"^i 9ij , 
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whose inverse is given by 



1 / 1 -n^ 
r'' = -\ I ■ (A.IO) 

The matrix g''^ is the inverse of Qij and is used to raise hyper surface indices. 
The quantities n and are the lapse function and shift vector, respectively 

The normal vector N^^ satisfying the eqns. (A. 2) and (A. 3) is given by 

7V^ = (n,0), ^^^^-(l,-^^ . (A.ll) 

Then, one obtains the second fundamental form from the equation of Gauss, 
eqn. (A. 4), as 

Hij = {drQij - ViUj - VjUi) . (A. 12) 



Finally, using the equations of Gauss and Weingarten, certain components of 
the space-time connections can be expressed as follows, 

V% = -Hij , (A.13) 

h 

r*^,, = V% - —Hij , (A. 14) 

77/ 

1 

r\r^-din+—Hij , (A. 15) 

n n 

V\ = V,n^ - —diU - nHij ^i*^ + — - . (A.16) 
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